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differentiating the corresponding symmetric hypergeometric function.
Keywords. Root systems, Cherednik operators, Hypergeometric functions.
Mathematics Subject Classification. Primary 33C67;17B22. Secondary
33D52 .
1 Introduction
The theory of the hypergeometric functions associated to root systems started in the
1980s with Heckman and Opdam via a generalization of the spherical functions on
Riemannian symmetric spaces of noncompact type. Several important aspects are
studied by them in a series of publications [4, 9, 10, 11, 12]. One of the impressive
developments came in 1995s with the work of Opdam [11], where he introduced a
remarkable family of orthogonal polynomials ( the so called Opdam’s nonsymmet-
ric polynomials ) as simultaneous eigenfunctions of Cherednik operators. It contains
in particular the presentation of the non-symmetric hypergeometric functions where
their investigations become an interesting topics in the theory of special functions
and in the harmonic analysis. In this paper, we focus on the non-symmetric hyperge-
ometric function associated to root systems of type A, for the purpose in finding an
explicit formula for it, as it is done in the symmetric case [1, 2, 13, 3]. The setting is
that non-symmetric hypergeometric function can be derived from the symmeric ones
via application of a suitable polynomial of Cherednik operators ( [12], cor. 7.6 ).
This paper deals with the case where the root system is of type A2, using Opdam’s
shifted operators and Cherednik operators, so the problem semble to be more robust
for others An.
In order to describe our approach let us be more specific about A-type hyperge-
ometric function. We assume that the reader is familiar with root systems and their
basic properties. As a general reference, we mention Opdam [11, 12].
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Let (e1, e2, ..., en) be the standard basis of R
n and 〈., .〉 be the usual inner product
for which this basis is orthonormal. We denote by ‖ . ‖ its Euclidean norm. Let V be
the hyperplane orthogonal to the vector e = e1 + ... + en. In V we consider the root
system of type An−1
R = {ei − ej, 1 ≤ i 6= j ≤ n}
with the subsystem of positives roots
R+ = {ei − ej , 1 ≤ i < j ≤ n}.
The associated Weyl group W is isomorphic to symmetric group Sn, permuting the
n coordinates. We define the positive Weyl chamber
C = {x ∈ V, x1 > x2 > ... > xn}.
Denote pin the orthogonal projection onto V, which is given by
pin(x) = x− 1
n
(
n∑
j=1
xj
)
e, x ∈ Rn.
The cone of dominant weights is the set
P+ =
n−1∑
j=1
Z+βj, βj = pin(e1 + e2 + ... + ej).
For fixed k > 0, the Dunkl-Cherednik operators Tξ, ξ ∈ Rn, is defined by
T kξ = ∂ξ + k
∑
i<j
(ξi − ξj) 1− si,j
1− exj−xi − 〈ρk, ξ〉 (1.1)
where ρk =
k
2
n∑
j=1
(n− 2j + 1)ej and si,j acts on functions of variables (x1, x2, ..., xn)
by interchanging the variables xi and xj . For each λ ∈ VC ( the complexification of
V ) there exists a unique holomorphic W-invariant function Fk(λ, .) in a W-invariant
tubular neighborhood of V in VC such that
p(T kpi(e1), ...T
k
pi(en))Fk(λ, .) = p(λ)Fk(λ, .); F (λ, 0) = 1,
for all symmetric polynomial p ∈ C[X1, .., Xn]. In particular
∆kFk(λ, .) = ‖λ‖2 Fk(λ, .) (1.2)
where ∆k =
∑n
i=1
(
Tpi(ei)
)2
is the Heckman-Opdam Laplacian. Note that the restric-
tion of ∆k to the set of W-invariant functions is the differential operator
Lk = ∆+ k
∑
α∈R+
coth
〈α, x〉
2
∂α + 〈ρk, ρk〉
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where ∆ is the ordinary Laplace operator.
There exists a unique solution Gk(λ, x) of the eigenvalue problem
Tξ(k)Gk(λ, .) = 〈λ, ξ〉Gk(λ, .), ∀ξ ∈ RN , Gk(λ, 0) = 1. (1.3)
holomorphic for all λ and for x in V + iU for a neighbourhood U ⊂ V of zero. The
function Gk is the so-called nonsymmetric Opdam’s hypergeometric function.
If x ∈ V then
|Gk(λ, x)| ≤
√
n! emaxw∈W 〈Re(λ),w(x)〉. (1.4)
Moreover, the Heckman-Opdam hypergeometric function Fk can be written as
Fk(λ, x) =
1
n!
∑
w∈W
Gk(λ, w.x). (1.5)
In other words, for λ satisfying λi − λj 6= 0;±k we have
Gk(λ, x) = DqFk(λ, x), x ∈ V (1.6)
where
Dq =
∏
1≤i<j≤n
(
1− k
λi − λj
)−1 ∏
w∈W,w 6=id
(
Tξ − 〈w(λ), ξ〉
〈λ, ξ〉 − 〈w(λ), ξ〉
)
and ξ is any element in V satisfying 〈λ, ξ〉 − 〈w(λ), ξ〉 6= 0 for all w 6= id.
However, (1.6) is far from being applied to find an expansion of Gk when an explicit
formula of Fk is given, so the polynomial q has degree n! − 1. It would therefore
be desirable to get another polynomial that is of suitable low degree, this will be
described in section 3 when the root system is of type A2.
2 An integral formula for Heckman-Opdam hyper-
geometric function of type A
In [1] an explicit and recursive formula on the dimension n for the A-type Heckman-
Opdam’s hypergeometric function is obtained as a consequence of similar formula for
Jack polynomials. We have for λ ∈ P+ and x ∈ C
Fk,n(λ+ ρk,n, x) =
cn(λ+ ρk,n)
cn−1(λ+ ρk,n−1)Un(λ˜)Vn(x)2k−1
∫ x1
x2
...
∫ xn−1
xn
Fk,n−1
(
pin−1(λ) + ρ
k
k,n−1, pin−1(ν)
)
e
|ν|
(
1+ |λ|
n−1
)
Vn−1(ν) Wk(x, ν) dν
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with the following notations
cn(λ) =
∏
α∈R+
Γ(〈λ, α〉)Γ(〈ρk,n, α〉+ k)
Γ(〈λ, α〉+ k)Γ(〈ρk,n, α〉) , Un(λ) =
n−1∏
j=1
β(λj + (n− j)k, k)
λ˜ = (λ1 − λn, λ2 − λn, ..., λn−1 − λn, 0), λ = (λ1 − λn, λ2 − λn, ..., λn−1 − λn),
|ν| = ν1 + ν2 + ...+ νn−1; Vn(x) =
∏
1≤i<j≤n
(exi − exj ),
Wk(x, ν) =
∏
1≤i≤n; 1≤j≤n−1
|exi − eνj |k−1.
It can be simplified to
Fk,n(λ+ ρk,n, x) =
Γ(nk)
Vn(x)2k−1Γ(k)n
∫ x1
x2
...
∫ xn−1
xn
Fk;n−1
(
pin−1(λ) + ρ
k
k,n−1, pin−1(ν)
)
e
|ν|
(
1+ |λ|
n−1
)
Vn−1(ν) Wk(x, ν) dν (2.1)
By analytic continuation, according to Carlson’s theorem ( see [14], p. 186 ), this
formula is still valid for all λ ∈ VC. Indeed, for x ∈ C define the functions of vaiable
λ ∈ VC
H1(λ) = e
−〈λ,x〉Fk,n(λ+ ρk,n, x)
H2(λ) =
Γ(nk)
Γ(k)nVn(x)2k−1
∫ x1
x2
...
∫ xn−1
xn
e−〈λ,x〉+|ν||λ|/(N−1)
F kk,n−1
(
pin−1(λ) + ρk,n−1, pin−1(ν)
)
e|ν|Vn−1(ν) Wk(x, e
ν) dν
We have from (1.4)
|H1(λ)| ≤
√
n! e〈ρk,n,x〉
for all λ ∈ VC, Re(λ) ∈ C and x ∈ C. In order to estimate H2 we note beforehand
the following fact, for ν = (ν1, ν2, ..., νn−1) and x ∈ C with xi+1 ≤ νi ≤ xi, if we
consider ν∗ = (ν1, ν2, ..., νn−1, νn) ∈ V then we have ν∗  x where  denotes the
partial order on V associated to the dual cone
∑n−1
i=1 R+(ei−ei+1), which implies that
〈Re(λ), ν∗〉 ≤ 〈Re(λ), x〉, for λ ∈ VC with Re(λ) ∈ C. Applying this fact and (1.4) it
follows that∣∣∣e−〈λ, x〉+|ν||λ|/(n−1))Fk,n−1(pin−1(λ) + ρk,n−1, pin−1(ν))∣∣∣
≤
√
(n− 1)! e−〈Re(λ), x−ν∗〉+〈ρk,n−1, pin−1(ν)〉
≤
√
(n− 1)! e〈ρk,n−1, pin−1(ν)〉
Hence H1 and H2 are Holomorphic functions, bounded for Re(λ) ∈ C and coincide on
P+ ≃ Zn−1+ , the Carleson’s Theorem yields H1(λ) = H1(λ) for all λ ∈ VC, Re(λ) ∈ C
and thus for all λ ∈ VC by analytic continuation.
Now, using the fact that pin−1(ρk,n) = ρ
k
k,n−1 and |ρk,n| = kn(n − 1)/2, we state
the following final form of our recursive formula.
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Theorem 2.1. For all λ ∈ VC and x ∈ C.
Fk,n(λ, x) =
Γ(nk)
Γ(k)nVn(x)2k−1
∫ x1
x2
...
∫ xn−1
xn
Fk,n−1
(
pin−1(λ), pin−1(ν)
)
e|ν|(1−nk/2+|λ|/(n−1))
Vn−1(ν) Wk(x, ν) dν (2.2)
In the rank-one case, which corresponds to take n = 2 and V = R(e1 − e2), the
formula (2.2) becomes
Fk,2(λ, x) =
Γ(2k)
Γ(k)2(2 sinhx1)2k−1
∫ x1
−x1
eν(1−k+2λ1)(ex1 − eν)k−1(eν − e−x1)k−1dν
=
Γ(2k)
2kΓ(k)2(sinh x1)2k−1
∫ x1
−x1
e2νλ1(cosh x1 − cosh ν)k−1dν
= ϕ
k−1/2,−1/2
2iλ1
(x1) = 2F1
(
k
2
− λ1, k
2
+ λ1, k +
1
2
, − sinh2 x1
)
where ϕ
k−1/2,−1/2
2iλ1
is a Jacobi function see (1.4), (3.4) and (3.5) of [7]. We recall here
various facts about the Jacobi function ϕ
k−1/2,−1/2
iη that we shall need later, we refer
to [7, 8].
ϕ
k−1/2,−1/2
iη (2t) = ϕ
k−1/2,k−1/2
2iη (t) (2.3)(
ϕ
k−1/2,−1/2
iη
)′
(t) =
1
(2k + 1)
(η2 − k2) sinh(t)ϕk+1/2,−1/2iη (t) (2.4)(
ϕ
k−1/2,−1/2
iη
)′′
(t) + 2k coth(t)
(
ϕ
k−1/2,−1/2
iη
)′
(t) = (η2 − k2)ϕk+1/2,−1/2iη (t) (2.5)
In the rank-two case, where n = 3 which is our subject in the next section,
Heckman-Opdam’s hypergeometric function has the following integral representation
( we omit here the dependance on n )
Fk(λ, x) =
Γ(3k)
Γ(k)3
V (x)−2k+1
∫ x1
x2
∫ x2
x3
e(1−
3
2
(λ3+k))(ν1+ν2) ϕ
k− 1
2
,− 1
2
i(λ1−λ2)
(
ν1 − ν2
2
)
(eν1 − eν2)Wk(ν, x) dν. (2.6)
where
Wk(ν, x) =
(
(ex1 − eν1)(ex1 − eν2)(ex2 − eν2)(eν1 − ex2)(eν1 − ex3)(eν2 − ex3))
)k−1
and
V (x) = (ex1 − ex2)(ex1 − ex3)(ex2 − ex3).
In order to find an expression for Fk of Laplace type, we write
Fk(λ, x) =
Γ(3k)
4Γ(k)3
(∏
1≤i<j≤3 sinh
(xi−xj
2
))2k−1 ∫ x1
x2
∫ x2
x3
e−3(ν1+ν2)λ3/2
ϕ
k− 1
2
,− 1
2
i(λ1−λ2)
(
ν1 − ν2
2
)
sinh
(
ν1 − ν2
2
)( ∏
1≤i≤2; 1≤j≤3
sinh
( |νi − xj |
2
))k−1
dν.
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With the change of variables
y1 =
ν1 + ν2
2
, t =
ν1 − ν2
2
,
we have that
Fk(λ, x) =
Γ(3k)
23k−2Γ(k)3
(∏
1≤i<j≤3 sinh(
xi−xj
2
)
)2k−1 ∫
R2
e−3λ3y1ϕ
k− 1
2
,− 1
2
i(λ1−λ2)
(t) sinh(t)
(
(cosh(x1 − y1)− cosh t)(cosh t− cosh(x2 − y1))(cosh(x3 − y1)− cosh t)
)k−1
χ[x2,x1](y1 + t) χ[x3,x2](y1 − t)dy1dt.
Now inserting
ϕ
k− 1
2
,− 1
2
i(λ1−λ2)
(t) =
Γ(2k)
2kΓ(k)2(sinh t)2k−1
∫
R
ey2(λ1−λ2)(cosh(t)− cosh y2)k−1χ[−1,1]
(y2
t
)
dy2,
with the use of Fubini’s Theorem and the fact that
χ[−1,1](
y2
t
)χ[x2,x1](y1 + t) χ[x3,x2](y1 − t) = χmax(|y2|,|y1−x2|)≤t≤min(y1−x3,x1−y1),
if follows that
Fk(λ, x) =
∫
R
∫
R
e3(λ1+λ2)y1+(λ1−λ2)y2Rk(x, y1, y2)dy1dy2 (2.7)
where
Rk(x, y1, y2) =
Γ(2k)Γ(3k)
24k−2Γ(k)5
(∏
1≤i<j≤3 sinh
(xi−xj
2
))2k−1
∫ min(y1−x3,x1−y1)
max(|y2|,|y1−x2|)
(
cosh t− cosh y1
sinh2 t
)k−1 ( 3∏
i=1
| cosh(xi − y1)− cosh(t)|
)k−1
dt,
if max(|y2|, |y1 − x2|) ≤ min(y1 − x3, x1 − y1) and Rk(x, y1, y2) = 0, otherwise. We
should note here that the condition
max(|y2|, |y1 − x2|) ≤ min(y1 − x3, x1 − y1)
is equivalent to
x3 ≤ y1 ± y2,−2y1 ≤ x1
an thus equivalents to y = (y1 + y2, y1 − y2,−2y1) ∈ co(x), the convex hull of the
orbit W.x, see proposition 3.6 of [1]. Also, we have y = y1
√
6 ε1 + y2
√
2 ε2 in the
orthonormal basis of V
ε1 = (e1 + e2 − 2e3)/
√
6, ε2 = (e1 − e2)/
√
2.
Making the change of variables z1 =
√
6 y1, z2 =
√
2 y2 in the formula (2.7) and
identify R2 with V via the basis (ε1, ε2) we finally write
Fk(λ, x) =
∫
co(x)
e〈λ,z〉Nk(x, z)dz. (2.8)
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where Nk(x, z) = Rk
(
x, z1/
√
6, z2/
√
2
)
/
√
12.
Next, for f ∈ C∞(V), W - invariant, we define Vk(f) the W - invariant function on
V = Rε1 ⊕ Rε2 by
Vk(f)(x) =
∫
co(x)
f(z)Nk(x, z)dz; x ∈ C.
Proposition 2.2. For f ∈ C∞c (V) and x ∈ C, we have the following intertwining
property
∆k(Vk(f)) = Vk(∆(f)).
Proof. By inversion formula for Fourier transform and Fubini’s Theorem
Vk(f)(x) =
∫
R2
∫
co(x)
f̂(ξ)ei〈ξ,z〉Nk(x, z)dzdξ =
∫
R2
f̂(ξ)Fk(iξ, x)dξ. (2.9)
Here we define the Fourier transform of f by
f̂(ξ) =
1
2pi
∫
R2
f(t)e−i〈ξ,t〉dt
From a general estimates of Heckman-Opdam’s hypergeometric function ( see for
example corollary 6.2 in [12]), the last integral of (2.9) is a C∞ as a function of x and
then by (1.2) one has
∆k(Vk(f))(x) = −
∫
R2
‖ξ‖2f̂(ξ)Fk(iξ, x)dξ =
∫
R2
∆̂f(ξ)Fk(iξ, x)dξ = Vk(∆(f)(x),
which proves the desired fact.
3 Nonsymmetric Opdam’s hypergeometric function
of type A2
We begin with some backgrounds from Heckman-Opdam theory of hypergeometric
functions associated to a root system R with Weyl group W of a finite-dimensional
vector space a , we refer to [11, 12] for a more detailed treatment. For a regular
weight λ ∈ P+ (the set of dominant weights) we denote by Pk(λ, .) the Hekman-
Opdam Jacobi polynomial and by Ek(λ, .) the non symmetric Opdam polynomial. In
the following we collect some properties and relationships.
(i) Pk(λ, x) =
∑
w∈W
Ek(λ, wx)
(ii)
∑
w∈W
det(w)Ek(λ+ δ, wx) = V (x)Pk+1(λ, x), where δ =
1
2
∑
α∈R+
α and
V (x) =
∏
α∈R+
(eα/2 − e−α/2)
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(iii) Pk(λ, 0) =
ck(ρk)
ck(λ+ ρk)
, where ρk(λ) =
1
2
∑
α∈R+
kαα, ck(λ) =
∏
α∈R+
Γ(〈λ, αˇ〉)
Γ(〈λ, αˇ〉+ kα)
and αˇ = 2α/|α|2.
(iv) Pk(λ, x) = Pk(λ, 0)Fk(λ+ ρk, x)
(v) Ek(λ, x) =
Pk(λ, 0)
|W | Gk(λ+ ρk, x).
From these facts we give the following consequence.
Proposition 3.1. For all λ, x ∈ a,∑
w∈W
det(w)Gk(λ, w.x) = dk(λ)V (x)Fk+1(λ, x), (3.1)
where,
dk(λ) = |W | ck+1(ρk+1)
ck(ρk)
ck(λ)
ck+1(λ)
.
Proof. This is closely related to (ii), where by using the above relations one can write
for regular λ ∈ P+,∑
w∈W
det(w)Gk(λ+ ρk+1, x) = dk(λ+ ρk+1)V (x)Fk+1(λ+ ρk+1, x),
since we have ρk + δ = ρk+1. This identity can be extended for all λ ∈ a via analytic
continuation by means of Carlson’s theorem.
Let us return now to the space V, for n = 3 and investigate (3.1). In this case we
have
dk(λ) =
1
(2k + 1)(3k + 1)(3k + 2)
(λ1 − λ2 + k)(λ2 − λ3 + k)(λ1 − λ3 + k).
We introduce the antisymmetric function
F ∗k (λ, x) =
1
6
∑
w∈S3
det(w)Gk(λ, x) =
dk(λ)
6
V (x)Fk+1(λ, x) (3.2)
and the following notations:
Ik(λ, ν) = ϕ
k− 1
2
,− 1
2
i(λ1−λ2)
(
ν1 − ν2
2
)
e−
3
2
(λ3+k)(ν1+ν2); γk =
Γ(3k)
Γ(k)3
Lk(λ, ν) =
(
ϕ
k− 1
2
,− 1
2
i(λ1−λ2)
)′ (
ν1−ν2
2
)
λ1 − λ2 − k e
− 3
2
(λ3+k)(ν1+ν2).
So we can write
Fk(λ, x) = γkV (x)
−2k+1
∫ x1
x2
∫ x2
x3
Ik(λ, ν)e
ν1+ν2(eν1 − eν2)Wk(ν, x)dν. (3.3)
The integral representation for the functions F ∗k is given in the following.
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Proposition 3.2. We have for λ ∈ VC and x ∈ C,
F ∗k (λ, x) =
γk
4k2
V (x)−2k
∫ x1
x2
∫ x2
x3
Lk(λ, ν)p(x, ν)Wk(ν, x)dν. (3.4)
where
p(x, ν) = −2be2(ν1+ν2) + (ab+ 3)eν1+ν2(eν1 + eν2)− 2a(e2ν1 + e2ν2)
−2(b2 + a)eν1+ν2 + 4b(eν1 + eν2)− 6
and with a = ex1 + ex2 + ex3 and b = e−x1 + e−x2 + e−x3.
Proof. We first write
(λ1 − λ2 + k)(λ1 − λ3 + k)(λ2 − λ3 + k)
=
(λ1 − λ2 + k)
4
(
(−3λ3 + k)2 + 2k(−3λ3 + k)− ((λ1 − λ2)2 − k2)
)
.
The formula (2.6) for parameter k + 1, together with (2.4) yield
(λ1 − λ2 + k)Fk+1(λ, x) = 2(2k + 1)γk+1V (x)−2k−1
∫ x1
x2
∫ x2
x3
Lk(λ, ν)Wk+1(ν, x)dν.
So using integration by parts,
(−3λ3 + k)(λ1 − λ2 + k)Fk+1(λ, x)
= 2(2k + 1)γk+1V (x)
−2k−1
∫ x1
x2
∫ x2
x3
Lk(λ, ν)(4k − (∂ν1 + ∂ν2))Wk+1(ν, x)dν.
and
(−3λ3 + k)2(λ1 − λ2 + k)Fk+1(λ, x)
= 2(2k + 1)γk+1V (x)
−2k−1
∫ x1
x2
∫ x2
x3
Lk(λ, ν)(∂ν1 + ∂ν2 − 4k)2Wk+1(ν, x)dν.
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In the same way with the use of (2.5),
((λ1 − λ2)2 − k2)(λ1 − λ2 + k)Fk+1(λ, x)
= −2(2k + 1)γk+1V (x)−2k−1
∫ x1
x2
∫ x2
x3
e−
3
2
(λ3+k)(ν1+ν2)(λ1 − λ2 + k)
ϕ
k− 1
2
,− 1
2
i(λ1−λ2)
(
ν1 − ν2
2
)
(∂ν1 − ∂ν2)Wk+1(ν, x)dν
= 2(2k + 1)γk+1V (x)
−2k−1
∫ x1
x2
∫ x2
x3
e−
3
2
(λ3+k)(ν1+ν2)
(
ϕ
k− 1
2
,− 1
2
i(λ1−λ2)
)′ (
ν1−ν2
2
)
λ1 − λ2 − k
(∂ν1 − ∂ν2)2Wk+1(ν, x)dν
−4k(2k + 1)γk+1V (x)−2k−1
∫ x1
x2
∫ x2
x3
e−
3
2
(λ3+k)(ν1+ν2)
(
ϕ
k− 1
2
,− 1
2
i(λ1−λ2)
)′ (
ν1−ν2
2
)
λ1 − λ2 − k(
eν1 + eν2
eν1 − eν2
)
(∂ν1 − ∂ν2)Wk+1(ν, x)dν
= 2(2k + 1)γk+1V (x)
−2k−1
∫ x1
x2
∫ x2
x3
Lk(λ, ν)
{
(∂ν1 − ∂ν2)2
−2k
(
eν1 + eν2
eν1 − eν2
)
(∂ν1 − ∂ν2)
}
Wk+1(ν, x)dν.
Hence it follows that
F ∗k (λ, x)
=
γk
4k2
V (x)−2k
∫ x1
x2
∫ x2
x3
Lk(λ, ν)
{
24k2 + 2k
(
eν1 + eν2
eν1 − eν2
)
(∂ν1 − ∂ν2)
−10k(∂ν1 + ∂ν2) + 4∂ν1∂ν2
}
Wk+1(ν, x)dν.
Now, it is straightforward computation to verify that
p(ν, x) =
{
24k2 + 2k
(
eν1 + eν2
eν1 − eν2
)
(∂ν1 − ∂ν2)− 10k(∂ν1 + ∂ν2) + 4∂ν1∂ν2
}
Wk+1(ν, x)
Next, we can provide an integral expansion for Gk by differentiating (3.3) and
(3.4). Let us introduce the operators
Dk = Dk(λ) = (λ1 − λ3 + 2k)Tpi(e1) + (λ2 − λ3 + k)Tpi(e2) + τ(λ) + k(λ1 − λ3) + k2
D∗k = D
∗
k(λ) = (λ1 − λ3 − 2k)Tpi(e1) + (λ2 − λ3 − k)Tpi(e2) + τ(λ)− k(λ1 − λ3) + k2
where τ(λ) = λ21+λ
2
2+λ1λ2. Recall that pi(e1) = (
2
3
,−1
3
,−1
3
) and pi(e2) = (−13 , 23 ,−13).
Our main result from this section is the following.
Theorem 3.3. For λ, x ∈ V we have
(τ(λ)− k2)Gk(λ, x) = Dk(Fk(λ, x)) +D∗k(F ∗k (λ, x)). (3.5)
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Proof. The proof is purely computational. Using the following fact, see (5.1 ) of [11],
wTξw
−1 = Tw.ξ −
∑
α∈R+, w.α ∈R−
k 〈α, ξ〉swα.
we obtain
Tpi(e1) (Gk(λ, x)) = λ1Gk(λ, x),
Tpi(e1) (Gk(λ, s1,2.x)) = λ2Gk(λ, s1,2.x)− kGk(λ, x),
Tpi(e1) (Gk(λ, s2,3.x)) = λ1Gk(λ, s2,3.x),
Tpi(e1) (Gk(λ, s1,3.x)) = λ3Gk(λ, s1,3.x)− kGk(λ, σ.x)− kGk(λ, x),
Tpi(e1) (Gk(λ, σ.x)) = λ2Gk(λ, σ.x))− kGk(λ, s2,3.x)
Tpi(e1) (Gk(λ, σ
2.x)) = λ3Gk(λ, σ
2.x))− kGk(λ, s1,2.x)− kGk(λ, s2,3.x),
and
Tpi(e2) (Gk(λ, x)) = λ2Gk(λ, x),
Tpi(e2) (Gk(λ, s1,2.x)) = λ1Gk(λ, s1,2.x) + kGk(λ, x),
Tpi(e2) (Gk(λ, s2,3.x)) = λ3Gk(λ, s2,3.x)− kGk(λ, x)
Tpi(e2) (Gk(λ, s1,3.x)) = λ2Gk(λ, s1,3.x)− kGk(λ, σ2.x) + kGk(λ, σ.x),
Tpi(e2) (Gk(λ, σ.x)) = λ3Gk(λ, σ.x))− kGk(λ, s1,2.x),
Tpi(e2) (Gk(λ, σ
2.x)) = λ1Gk(λ, σ
2.x)) + kGk(λ, s2,3.x).
where σ = s1,3s1,2. Thus we have
Tpi(e1) (Fk(λ, x)) =
1
6
{
(λ1 − 2k)Gk(λ, x) + (λ2 − k)Gk(λ, s1,2.x)
+(λ1 − 2k)Gk(λ, s2,3.x) + λ3Gk(λ, s1,3.x)
+(λ2 − k)Gk(λ, σ.x) + λ3Gk(λ, σ2.x)
}
Tpi(e2) (Fk(λ, x)) =
1
6
{
λ2Gk(λ, x) + (λ1 − k)Gk(λ, s1,2.x)
+(λ3 + k)Gk(λ, s2,3.x) + λ2Gk(λ, s1,3.x)
+(λ3 + k)Gk(λ, σ.x) + (λ1 − k)Gk(λ, σ2.x)
}
,
Tpi(e1) (F
∗
k (λ, x)) =
1
6
{
(λ1 + 2k)Gk(λ, x)− (λ2 + k)Gk(λ, s1,2.x)
−(λ1 + 2k)Gk(λ, s2,3.x)− λ3Gk(λ, s1,3.x)
+(λ2 + k)Gk(λ, σ.x) + λ3Gk(λ, σ
2.x)
}
,
and
Tpi(e2) (F
∗
k (λ, x)) =
1
6
{
λ2Gk(λ, x)− (λ1 + k)Gk(λ, s1,2.x)
+(−λ3 + k)Gk(λ, s2,3.x)− λ2Gk(λ, s1,3.x)
+(λ3 − k)Gk(λ, σ.x) + (λ1 + k)Gk(λ, σ2.x)
}
.
So, formula (3.5) can be checked by a straightforward calculations.
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